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Abstract 
 
A new and easy way of deriving Gauss’s Generalized Hypergeometric Theorem is presented 
by using the Bilateral Binomial Theorem. 
 
First Introduction 
 
Gauss’s Generalized Hypergeometric Theorem states that 
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Slater [1, p. 181-183] (naming it Generalized Gauss Theorem) gives three ways of deducing 
this theorem. The first method uses the fact that any generalized hypergeometric series can be 
expressed as a sum of two ordinary hypergeometric series. The second method uses the 
evaluation at the poles of an imaginary integral. And the third method uses the bilateral 
analogue of Dougall’s theorem. 
 
Second Introduction 
 
We live in a world where uncounted and uncountable combinatorial identities like 
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exist. But is it really necessary that  k ∈ `  or  k ∈ Z  ? A simple way of generalizing lots of 
these identities is to change the summation bilaterally into 
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with  k ∈ \  , resulting in a bilateral relation. 
 
For example, the Binomial Theorem 
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can be generalized into the Bilateral Binomial Theorem 
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with  x, y ∈ \  , k ∈ \  , z ∈ ^  and  | z | = 1 which is shown in [3]. 
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The Bilateral Vandermonde Convolution 
 
As indicated by Riordan in [3, p. 8], the Vandermonde Convolution formula (first found by 
Chu several hundreds earlier than Vandermonde), 
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is perhaps the most widely used combinatorial identity. Therefore the bilateral extension of 
this theorem, which of course will be Gauss’s Generalized Hypergeometric Theorem (1), is of 
some interest. So let’s start deriving it by using the Bilateral Binomial Theorem (5)  
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Now let’s change the summation index r (please note, that k, l ∈ \ ) using 
 
          r = k + l – K        resp.          k + l – r = K                                                         (13) 
 
resulting in 
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Therefore every binomial coefficient can be expressed as 
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Now it’s time to change the second summation index into 
 
          m =  l – M        resp.          M = l – m                                                                 (16) 
 
This then results in the Bilateral Vandermonde Convolution Formula, also known as Gauss’s 
Generalized Hypergeometric Theorem: 
 
     ( ) ( )( )
 
  
M
M
M
n n p p
K M MK
∈
=∞
=−∞
−
−
= ∑
\
                                                                                               (17) 
             
  
2 2
1, 1 ,
;1
1, 1, 1, 1 1, 1
Hn p p K M M p
K M n p K M M p M n p K M M
− + + − −   
⋅   
− + − − + + + − + − − + + +   = Γ  
(18) 
Here M can be chosen at pleasure. 
 
Outlook 
 
Using the Bilateral Multinomial Theorem [4] a further generalization of all this can be found. 
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